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Equilibrium orbit analysis in a free-electron laser with a coaxial wiggler
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An analysis of single-electron orbits in combined coaxial wiggler and axial guide magnetic fields is pre-
sented. Solutions of the equations of motion are developed in a form convenient for computing orbital velocity
components and trajectories in the radially dependent wiggler. Simple analytical solutions are obtained in the
radially-uniform-wiggler approximation and a formula for the derivative of the axial velagityith respect to
the Lorentz factory is derived. Results of numerical computations are presented and the characteristics of the
equilibrium orbits are discussed. The third spatial harmonic of the coaxial wiggler field gives rise to group llI
orbits which are characterized by a strong negative mass regime.

PACS numbd(s): 41.60.Cr, 52.75.Ms

I. INTRODUCTION Il. EQUATIONS OF MOTION

Electron motions in a static magnetic fidBkdmay be de-

Most free-electron lasers employ a wiggler with either Atermined by solution of the vector equation of motion

helically symmetric magnetic field generated by bifilar cur-
rent windings or a linearly symmetric magnetic field gener- dvn —e

ated by alternating stacks of permanent magnets. A uniform dat W:VX B, (1)
static guide magnetic field is also frequently employed.

Single-particle orbits in these helical and planar fields comwherev, —e, andm are the velocity, charge, arftesh mass,
bined with an axial guide field have been analyzed in detaitespectively, of the electron. The Lorentz factpis a con-
and have played a role in the development of free-electrostant given by
laserg 1]. The harmonics of gyroresonance for off-axis elec-

trons caused by the radial variation of the magnetic field of a

helical wiggler have been found by Chu and Li|. Re-
cently, the feasibility of using a coaxial wiggler in a free-
electron laser has been investigated. Freeinal. [ 3,4] stud-
ied the performance of a coaxial hybrid iron wiggler

7:(1_02/02)—1/2’ (2)

wherev =|v| is the constant electron speed.
The total magnetic field inside a coaxial wiggler will be
taken to be of the form

consisting of a central rod and a coaxial ring of alternating B=B,r+B,z (3)
ferrite and dielectric spacers inserted in a uniform static axial
magnetic field. McDermotet al. [5] proposed the use of a B,=B,F,(r,2), (4)
wiggler consisting of a coaxial periodic permanent magnet
and transmission line. Coaxial devices offer the possibility of B,=Bg+B,F(r,z), (5)

generating higher power than conventional free-electron la- . ] . . S

sers and with a reduction in the beam energy required t¥/hereBy is a uniform static axial guide field, arig andF,

generate radiation of a given wavelength. are known functlons of (_:yllndrlcal coordinatesndz. Equa-
In the present paper, single-particle orbits in a coaxiafion (1) may be written in the scalar form

wiggler are studied. The wiggler magnetic field is radially do. 02

dependent with the fundamental plus the third spatial har- —r e —0y(Qot+ QuF,), (6)

monic component and a uniform static axial magnetic field v r

present. In Sec. Il the scalar equations of motion are intro-

duced and reduced to a form that is correct to first order in had

the wiggler field. In Sec. Ill solutions of the equations of dt r

motion are developed in a form suitable for computing the

electron orbital velocity and trajectory in the radially depen- dv, )

dent magnetic field of a coaxial wiggler. The special case of dt =vouFr; (8)

a radially independent wiggler is also analyzed. In Sec. IV

the results of numerical computations of the wiggler field(}, and(,, are relativistic cyclotron frequencies given by

components, velocity components, radial excursions, and the

& function for locating negative mass regimes are presented :ﬁ 9

and discussed. In Sec. V some conclusions are presented. " ymc’

dvy v,

=0, (Qo+ QuF,) —vQuF,, (7)
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e where
Y .
Y f(1)=QoQyv|[Fqsin(kyot) + F3sin(3kyvt)].

Initial conditions will be chosen such that the transverse

motion of the electron in thB, field vanishes in the limit as By the method of variation of parameters, a solution of Eq.
B,, approaches zero. Then, in order to develop a solution t?21) may be obtained in the form
first order in the wiggler fieldB,,, the scalar equations of
motion will be approximated by

w

U=

—v90+901f0tf(r)c05(907)d7) sin(Qt)

d
=00, (11) t
+ vro—lef f(7)sin(Qq7)d7|cod Qt), (23
0
dUg
— = Qo — v QW F 12
dt o VIR 12 whereuv o andu 4 are the initial radial and azimuthal veloc-
ity components. Then Eql11) yields
dv,
H_O’ (13

[

vao—lef;f(r)cos{Qor)dr) cog Qot)

with the wiggler field approximated by the fundamental plus

the third spatial harmonic component, .

vro—Qalftf(T)sin(Qor)dr) Sin(Qqt). (24)
F,=F,, sin(k,z)+F,ssin(3k,z), (14) 0

The orbital velocity is given to first order iB,, by Egs.(23),

where (24), and(19). The trajectory may then be computed using

Fin=Gp {Sal1(nkar) + ToKa(nkyr)]1, (19

G‘nE I 0(nkWRout)KO(nkain) l O(nkain)KO(nkaout)a
(16)

r=ro+ ft v, (7)dr, (25
0

0= 0o+ fot vy(7)d7, (26)

2 [(nw
Snzﬁsm(7>[K0(nkain)+KO(nkWRout)]y (17)
and Eq.(20).
2 [nm
To=——sin —- | [o(NkyRin) + lo(NkaRoud 1, (18)

B. Radially uniform wiggler
andn=1,3;R;, andR,; are the inner and outer radii of the
coaxial waveguidek,=2m/\,, where \,, is the wiggler
(spatia) period, and g, |1, Kq, andK; are modified Bessel

By neglecting the radial variation &,; andF,3, a solu-
tion of Eq.(21) may be obtained in the form

functions. vr=ay sin(kyv t) + az sin(3k,o|t), (27)
Ill. ORBITAL ANALYSIS where
A. Radially dependent wiggler - 000 Frn s -
The scalar equations of motion may be solved to deter- an_m (n=1,3). (28)
0 W

mine the electron orbital velocity and trajectory in a coaxial

wiggler. Equation(13) yields Equation(11) then yields

vzl (19 vy=— Qg kv |z cogkyo|t)
where the constant is the root-mean-square axial velocity — 043k cog 3k vt 29
component. With the initial axial position taken to kg o (Skvjara) COS Sk ). 29
=0, The corresponding initial conditions are
z=vjt. (20 0,0=0, (30
Equations(11), (12), (14), and (20) may be combined to _ _
- y v 0= — Qg kv~ Qg {3k ). (31)
2 Root-mean-square values of the velocity components may
sz +0%,=1f(1), (21)  be determined by use of Eq®7), (28), and(19). Replacing

v? by its root-mean-square value in E@) then yields
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2
Y

C2

1“121—2221“329—222 -2
z(v—” +§QO kw“l"'i U_” +§QO kwa3 —1—’)/ . (32)

The derivative ofv| with respect toy may be obtained from Ed32) and, after some algebra, cast into the form

dUH C2
—=—0, (33

A2
where
> (Q5-n%Kivh) Py QIFZ Q505+ 302k )

n=1,3

d=1- (34)
2+ 2 (05-n%iwh) P20AF205(Q5+3n kzv”)
3

This equation may be used to establish the existence of @ to 3 in the normalized relativistic cyclotron frequency
negative mass regime. Oq/ck, associated wittB,. The inner and outer radii of the
coaxial wiggler were assumed to Bg,=1.5 cm andR,;
=3 cm, respectively.

Figure 1 shows the variation of the axial velocity of the

A numerical computation was conducted to investigatequasi-steady-state orbits with the axial guide magnetic field
the properties of the equilibrium orbits of electrons insidefor three classes of solutions, group | orbits for which 0
a coaxial wiggler. The wiggler wavelengthm2k, and  <Q<k,v|, group Il orbits withk,v<Q,<3k,v|, and
laboratory-frame electron density, were taken to be 3 cm group Il orbits withQ2;>3k,v . The existence of group Il
and 16% cm 2, respectively. The wiggler magnetic fieR},  orbits is due to the presence of the third spatial harmonic of
was taken to be 3745 G, which corresponds to the relativistithe wiggler field, which also produces the second magne-
wiggler frequencyQ /ck,=0.442. The electron-beam en- toresonance &2~ 3k,v| . The narrow width of the second
ergy (y—1)myc? was taken to be 700 keV, corresponding resonance af,/ck,~2.7 compared to the width of the first
to a Lorentz factory=2.37. The axial magnetic field, was ~ magnetoresonance &,~k,v/ is illustrated in Fig. 1b).
varied from 0 to 25.3 kG, corresponding to a variation fromThis is due to the relatively weak third harmonic compared
to the fundamental component of the wiggler field. It should
be noted that, although the exact resonari¢gs kv and
Qo=3kyv| occur at the origin where/c=(,/ck,=0, the
“first magnetoresonance” in the literature refers to the group
Il orbits with cyclotron frequencies aroundq/ck,~1 in
Fig. 1. Similarly, we refer to the group Il orbits with cyclo-
tron frequency around),/ck,~2.7 as the second magne-
toresonance.

The rate of change of the electron axial velocity with
electron energy is proportional tb and is equal to unity in
the absence of the wiggler field. Figure 2 illustrates the de-

IV. NUMERICAL RESULTS
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FIG. 1. Normalized axial velocity/c as a function of the 0 1 2 3
normalized axial guide magnetic field,/ck,, for group I, Il, and Q()/ckW
Il orbits. Narrow width of the second resonance(ys/ck,~2.7
compared to the width of the first magnetoresonandegatk,v is FIG. 2. Factor® as a function of the normalized axial guide

illustrated in Fig. 1b). magnetic fieldQ),/ck,, for group I, Il, and Il orbits.
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FIG. 3. Radial dependence of the radial and axial magnetic
fields (divided byB,,=3745 G) in the coaxial wiggler for the fun-

damental and third spatial harmonics.
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FIG. 4. Wave-number dependence of the radial components of
the normalized wiggler magnetic fiel,,, F,; and the dimension-

less transverse velocity coefficients , 3. The normalized cyclo-

pendence ofb on the radial wiggler magnetic field and the on frequency(,/ck,=2.7 is taken at the second magnetoreso-
axial guide magnetic field,. The curves corresponding t0 nance and,=2.28 cm.

the group | and Il orbits are almost unaffected by the third

harmonic and are almost the same as in IR&f. where the
third harmonic is neglected. A negative mass regiine.,

negatived for which a decrease in the axial velocity results

in an increase in the electron energy found for group Ill
orbits that is stronger than that of the group Il orbits.

ond magnetoresonance@p~ 3k,v| . Away from this reso-
nance Eq(28) shows thatw; will be of the order offF, 3.

In order to study the transverse motion of electrons in the
radially dependent wiggler field, Egéll), (12), (25), and
(26) are solved numerically with the initial conditions chosen

Equations(15)—(18) are used to calculate the radial com- so that, in the limit of zero wiggler field, there is axial mo-

ponents of the wiggler fieléF,; andF,5. For the axial com-
ponent the following expressions are ugédi

tion at constant velocity but no Larmor motion. Figure 5
shows the variation of the radial and azimuthal components

of electron velocity withe(=uv t). The normalized cyclotron

F,=F,; cog kyz)+ F,3 cog3k,z2), (35  frequencyQ,/ck, is chosen to be 0.5, 1.2, and 3 for group
I, I, and IIl orbits, respectively, which are somewhat away
_ from the magnetoresonances. Solid curves correspond to the
F2n=Gp TSnlo(nkar) = TnKo(nkyr)]. (36)  initial orbit radiusr,=2.28 cm, which is at the point where

F;1 is minimum. Broken curves correspondrtg=1.8 cm,
Figure 3 shows the variation of the amplitudes of the wiggler
magnetic fielddivided byB,,=3745 G) with radius, for the 0.3
first and third spatial harmonics. For the first harmonic the
radial componenE,; has a minimum at~2.28 cm and the
axial componenE,; changes sign around this point. McDer-
mott et al. [5] have demonstrated the stability of a thin an-
nular electron beam whef,; is minimum at the beam ra-
dius. The radial and axial components of the third harmonic
of the wigglerF,; and F,; are also shown in Fig. 3. The
magnitudes ofF,; and F,; are both minimum atr
~2.28 cm wherd=,, is minimum. This is actually an inflec-
tion point for F 3.

Variations of the radial components of the first and third
spatial harmonics of the normalized wiggler magnetic field
F,1 andF, 3 with the wiggler wave numbek,, are shown in
Fig. 4. Figure 4 also shows the dimensionless transverse ve-
locity coefficientsa;=aq/c and az=az/c for the initial
orbit radiusry~2.28 cm wherd-,; is minimum. The cyclo-

R ~
tron frequencyQ,/ck,~2.7 is taken at the second magne- 035
toresonance, and our choice of 3 cm for the wiggler wave- 0 ! 2 3
length corresponds tq,~2.1 cmi L. It can be observed that z (cm)

at this wave number, although the radial component of the
W'gg"?r field at the first harmoniE, is muc_h larger, than at tion of axial distancez for the initial orbit radiusry;=2.28 cm
the third harmonid-, 5, the transverse velocity coefficients of (solid curves and ry=1.8 cm (dashed curves The normalized
the third harmoniar; are larger thamr,. This shows that the cyclotron frequency,/ck, is 0.5, 1.2, and 3 for the group I, I,
third harmonic may have considerable effect around the se@nd Il orbits, respectively.

FIG. 5. Normalized transverse velocity components as a func-
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FIG. 8. Radial excursion as a function of axial distancefor
ro=2.28 cm(solid curve$ andry=1.8 cm (broken curvek for
group |, Il, and 1l orbits out of resonance 8t,/ck,=0.5, 1.2, and
3, respectively.

Figure 6 shows the variations of. /c andv,/c with z
(=vyt) for group I orbits when the cyclotron frequency is
adjusted to the second magnetoresonanc Atck,~2.7.

At ry=2.28 cm the periodicity is approximately equal to

FIG. 6. Normalized transverse velocity components as a funct
tion of axial distancez for group Il orbits, at the second magne- Mw/3, Which is the same as that of the third harmonic, and

toresonance), /ck,=2.7. Solid curves correspond to the radially ShOWS the strong influence of the third harmonic on the

dependent wiggler and broken curves correspond to the radiallffansverse velocity components. Going away from fhe
independent wiggler. minimum tor,=1.8 cm makes the amplitudes of oscillation

of v, andv, larger. Broken curves correspond to the solu-
which is away from theF,; minimum. It can be observed tions of Egs.(27) and (29) when the radial variation of the
that the spatial periodicity of, and v, for the first two ~ Wwiggler field is neglected. These solutions do not differ ap-
groups is equal to one ngglerwavelength which is the saméreciably from ther-dependent solutions far,=2.28 cm,
as that of the first harmonic. Although group IlI orbits have abecause at minimurf,; the radial excursions are small for
clear sinusoidal shape a§=2.28 cm(solid curvey, slight — group Il orbits. Away from theF; minimum at r,
deviations from sinusoidal Shape are obvious ra)t =1.8 cm, however, deviations are noticeable due to the
=1.8 cm(broken curves This is because at,=2.28 cm larger radial excursions.
whereF,; is minimum F,5 is very small. Therefore away  Figure 7 shows, /c versusz for group Il orbits for the
from the resonance the third harmonic plays almost no rolé-dependent ngglefbroken curvesandr-independent wig-
(atr0_2_28 Cm)_ MOV|ng away from th§r1 minimum to gler (SOlId CUI’VG$ The initial orbit radius is taken aty
ro=1.8 cm, however, increases the magnitude Ff =2.28 cm and the cyclotron frequency is chosen around the
slightly, making the effect of the third harmonic noticeable first magnetoresonance &4 /ck,=0.9. Large radial excur-

on group Il orbits, which are away from the second magneSiOﬂS of electrons for group Il orbits make the transverse
toresonance, in Fig. 5. velocity strongly affected by the radial dependency of the

wiggler field. The amplitude is also modulated in space with
1 a wavelength of around 1§,=48 cm.
It The radial excursiom shown in Fig. 8 corresponds to the
cyclotron frequencies away from the magnetoresonances at

N | / N \f
o LML
g I =
] U\’\"/QUUUUUJVUVUU@ ?228-
T e 2 s a4 2245 ) > 3
z (cm) z (cm)

FIG. 7. Normalized radial velocity as a function of axial dis-  FIG. 9. Radial excursion as a function of axial distancefor
tancez for group Il orbits at the first magnetoresonarf@g/ck,, group Il orbits atry=2.28 cm. Solid curve corresponds to reso-
=0.9 with r,=2.28 cm. Solid curves correspond to the radially nance at},/ck,=2.7 and broken curve corresponds to out of reso-
dependent wiggler and broken curves correspond to the radiallpance at)q/ck,=3.
independent wiggler.
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Qg/ck, equal to 0.5, 1.2, and 3 for the group |, Il, and Ill cal wiggler and axial guide magnetic field has been reported
orbits, respectively. Solid curves correspond to thg by Chu and Lin[2]. In their analysis the relativistic single-
=2.28 cm and the broken curves correspond g  particle equation of motion is used, with the axial velocity
=1.8 cm. It can be seen that when the electrons are injectesk well as the axial magnetic field of the wiggler averaged
into the wiggler ar ,=2.28 cm, wherd=,; is minimum, the  along the axial direction. By assuming near-steady-state or-
electron orbits remain well away from the waveguide wallspits for off-axis electrons they found that the radial variation
atR,=1.5 cm andR,,=3 cm. of the wiggler magnetic field produces a harmonic structure
Figure 9 compares the radial excursions of group IIl or-jn the transverse force. This force, in turn, comprises oscil-
bits at the second magnetoresonanc@gaick,=2.7, (solid  |ations at all harmonics df,z. It should be noted that there
curvg with those slightly away from the resonance atig ng harmonic structure in the helical wiggler itself and the
Qo/ck,=3 (broken curvg The influence of the third har- pigher velocity harmonics vanish for the exact steady-state
monic can be clearly seen through the modulation of the g of the on-axis electrons. Moreover, higher harmonics

third har_moni_c by the first harmonic when the cyclotron fre'do not appear in the one-dimensional helical wiggler where
guency is adjusted at the second magnetoresonance. the radial variation is neglected

In the present analysis of a coaxial wiggler, on the other
V. CONCLUSIONS hand, the equation of motion is written to first order in

The third spatial harmonic of the coaxial wiggler field the wiggler amplitude. With this approximation, the axial
gives rise to group Il orbits with)o>3k,v. This rela- component of the wiggler field makes no contribution to
tively weak third harmonic makes the width of the secondthe problem, leaving the axial velocity as a constant. The
magnetoresonance narrow compared to the first magnenagnetic field of a coaxial wiggler is composed of a funda-
toresonance. A strong negative mass regime is found for theental plus a large number of odd spatial harmonics, which
group Il orbits. By adjusting the cyclotron frequency at the appear directly in the magnetic force representedf fty
second magnetoresonance, the wiggler-induced velocity ofi Eq. (22). The third harmonic irf (t) appears in the trans-
the group Il orbits was found to increase considerably.verse velocity components as a part of the integrands in Egs.
When the electrons are injected into the wiggler where it423) and (24) and is also demonstrated numerically for the
magnetic field is minimum, the electron orbits remain wellradially dependent coaxial wiggler, but for the radially uni-
away from the waveguide boundaries. form wiggler the third harmonic is explicit in the solutions

Harmonic gyroresonance of electrons in a combined heliEgs. (27)—(29).
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